GLOBAL WELL-POSEDNESS FOR A NLS-KDV SYSTEM ON T 



C. MATHEUS 



Abstract. We prove that the Cauchy problem of the Schrodinger - Korteweg - deVries 
(NLS-KdV) system on T is globally well-posed for initial data {uo,vo) below the energy 
space x . More precisely, we show that the non-resonant NLS-KdV is globally well- 
posed for initial data {uo,vo) G H^iT) x H^(T) with s > 11/13 and the resonant NLS-KdV 
is globally well-posed for initial data (mo, vq) € H''{T) x //"(T) with s > 8/9. The idea of the 
proof of this theorem is to apply the I-method of CoUiander, Keel, StafBlani, Takaoka and 
Tao in order to improve the results of Arbieto, Corcho and Matheus concerning the global 
well-posedness of the NLS-KdV on T in the energy space x . 



1. Introduction 

We consider the Cauchy problem of the Schrodinger-Korteweg-deVries system 

idtu + d'^u = auv + (3\u\'^u, 



(1.1) 



dtv + dlv + ld,{v^) = jd,i\u\^), 

u(x,0) = uq{x), v{x,0) = vo{x), t S 



The Schrodinger-Korteweg-deVries (NLS-KdV) system naturally appears in fluid mechan- 
ics and plasma physics as a model of interaction between a short-wave u = u{x, t) and a 
long- wave v = v{x,t). 

In this paper we are interested in global solutions of the NLS-KdV system for rough initial 
data. Before stating our main results, let us recall some of the recent theorems of local and 
global well-posedness theory of the Cauchy problem p.lj) . 

For continuous spatial variable (i.e., x G M), Corcho and Linares jH] recently proved that 
the NLS-KdV system is locally well-posed for initial data {uo,vo) e ff'^(M) x H^{M.) with 
A: > 0, s > -3/4 and 

• k-l<s<2k-l/2ifk<l/2, 

• k-l<s<k + l/2[ik> 1/2. 

Furthermore, they were able to prove the global well-posedness of the NLS-KdV system in 
the energy x using three conserved quantities discovered by M. Tsutsumi [7], whenever 
07 > 0. 

Also, Pecher jB] improved this global well-posedness result by an application of the I- 
method of Colliander, Keel, Stafillani, Takaoka and Tao (for instance, see |,3J combined with 
some refined bilinear estimates. In particular, Pecher proved that, if 07 > 0, the NLS-KdV 
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system is globally well-posed for initial data (uq, vq) E H'^ x if* with s > 3/5 in the resonant 
case P = and s > 2/3 in the non-resonant case /3 7^ 0. 

On the other hand, in the periodic setting (i.e., x E T), Arbieto, Corcho and Matheus |^ 
proved the local well-posedness of the NLS-KdV system for initial data {uo,vo) G H'' x 
with < s < 4A; — 1 and —1/2 < k — s < 3/2. Also, using the same three conserved quantities 
discovered by M. Tsutsumi, one obtains the global well-posedness of NLS-KdV on T in the 
energy space x whenever 07 > 0. 

Motivated by this scenario, we combine the new bilinear estimates of Arbieto, Corcho and 
Matheus ^ with the I-method of Tao and his collaborators to prove the following result 

Theorem 1.1. The NLS-KdV system on T is globally well-posed for initial data 

{uq,vq) E if* (T) X H^{T) with s > 11/13 in the non-resonant case /3 7^ and s > 8/9 
in the resonant case /? = 0, whenever > 0. 

The paper is organized as follows. In the section |21 we discuss the preliminaries for the 
proof of the theorem 11.11 Bourgain spaces and its properties, linear estimates, standard 
estimates for the non-linear terms \u\'^u and dx{v^)-, the bilinear estimates of Arbieto, Corcho 
and Matheus P for the coupling terms uv and dx{\u\'^)-, the I-operator and its properties. In 
the sectional we apply the results of the section |21 to get a variant of the local well-posedness 
result of [Tj. In the section |1J we recall some conserved quantities of (jl.lj) and its modification 
by the introduction of the I-operator; moreover, we prove that two of these modified energies 
are almost conserved. Finally, in the section |S1 we combine the almost conservation results 
in section 0] with the local well-posedness result in section |31 to conclude the proof of the 
theorem 11.11 

2. Preliminaries 

A sucessful procedure to solve some dispersive equations (such as the nonlinear Schrodinger 
and KdV equations) is to use the Picard's fixed point method in the following spaces: 

/ \ 1/2 

= W{-t)f\\Hb(f>,H^) 

/ \ 1/2 

ll^lly^.^ ■■= [ Y.{nf^r-nmn,r)\dT] 

= \\Vi-t)f\\H^^^^Hi) 

where (•) := 1 + | • |, U{t) = e**^^ and V{t) = e~*^^. These spaces are called Bourgain spaces. 
Also, we introduce the restriction in time norms 

ll/llxfe-H/) := Jnf \\f\\x'',b and WgWys.btn := jnl ||5||y.,i> 

/!/=/ 9\l=9 

where I is a time interval. 
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The interaction of the Picard method has been based around the spaces y*'^/^. Because 
we are interested in the continuity of the flow associated to and the y*'^/^ norm do not 
control the L^°H^ norm, we modify the Bourgain spaces as follows: 



u\ 



Hy'^ ■■= \\v\\ys.i/2 + \\{nyv{n,T)\\L2^Li 



ixfc, 1/2 + II (n) S(n,T) 11^2^1 and 
and, given a time interval /, we consider the restriction in time of the and Y'^ norms 

and 



WWx^ii) ■= inf \\u\\x'^ 

u\i=u 



v\i=v 



\u\\zk := ||n||^fc,_i/2 + 



Furthermore, the mapping properties of U{t) and V{t) naturally leads one to consider the 
companion spaces 

In the sequel, ip denotes a non-negative smooth bump function supported on [—2, 2] with 
= 1 on [—1, 1] and ipsit) := ij(t/6) for any 6 > 0. 
Next, we recall some properties of the Bourgain spaces: 

Lemma 2.1. ^^'^/^([0, 1]), y°'^/3([0, 1]) C L^(T x [0,1]). More precisely, 

\\'^it)f\\Li, ^ 11/11x0,3/8 and \\'ip{t)g\\L4^ < Ibllyo.i/s. 

Proof. See j2]. 

Another basic property of these spaces are their stability under time localization: 



□ 



Lemma 2.2. Let X 



s,b 

T = h(£,) 



■■= {/ : (t - /i(e))'(e)1/(T,0I e L^}. Then, 



wmn 



X" 



< 



b 11/11 



X" 



for any s, 6 € M. Moreover, if —1/2 < b' < b < 1/2, then for any < T < 1, we have 



\\Mt)f\\ 



X' 



^ rpb-h' 



X" 



Proof. First of all, note that (t — tq — h{^))^ <{, (''"o)'^' (''" ~ ^(C))'') from which we obtain 



/II 



X' 



-Mi) 



(to) 



\b\ 



X" 



--Hi) 



Using that = / V'(T-o)e**"'«fiTo, we conclude 



wmn 



lV'(ro)|(ro)l''l ll/IL.,. 



r = h(e) 



Since ip is smooth with compact support, the first estimate follows. 

Next we prove the second estimate. By conjugation we may assume s = and, by com- 
position it suffices to treat the cases < 6' < 6 or < 6' < 6 < 0. By duality, we may take 
< 5' < 6. Finally, by interpolation with the trivial case b' = b, we may consider b' = 0. 
This reduces matters to show that 

\\Mt)f\\L^ <V>,6 Ti/ll^o,. 
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for < 6 < 1/2. Partitioning the frequency spaces into the cases {t — h{^)) > 1/T and 
(r — /i(^) < 1/T, we see that in the former case we'll have 



< T 



and the desired estimate follows because the multiplication by is a bounded operation in 
Bourgain's spaces. In the latter case, by Plancherel and Cauchy-Schwarz 



\\m\\Li<\\f{tm\\Li< 



\fir,mr] 



{T-h{e,))<i/T 
{r-h{C)f'\f{r,OfdT)'^' 



r2 



Integrating this against iI^t concludes the proof of the lemma. 

Also, we have the following duality relationship between X'' (resp., Y^) and Z'^ (resp. 



□ 



Lemma 2.3. We have 



and 



X[o,i] it)f{x,t)g{x,t)dxdt 



^ ll/IU^'llfi'lIz-'' 

^ I1/I1i'H15'IIh/-» 



X[o,i]it) fix:'t)9ix,t)dxdt 
for any s and any f,g on T x M. 

Proof. See jU p. 182-183] (note that, although this result is stated only for the spaces 
and W^, the same proof adapts for the spaces X'^ and Z^). □ 

Now, we recall some linear estimates related to the semigroups U{t) and V{t): 

Lemma 2.4 (Linear estimates). It holds 

• \\'tp{t)U{t)uo\\zk < WuoWfjk and \\^Pit)V{t)vo\\w= < ll^^olk-; 

• \\Mt)JoU{t-t')F{t')dt'yk < \\F\\zk and \\Mt) IoV{t - t')G{t')dt'\\Ys < \\G\\w^ . 

Proof See 0, m or p. □ 

Furthermore, we have the following well-known multiinear estimates for the cubic term 
|npii of the nonlinear Schrodinger equation and the nonlinear term dx{v'^) of the KdV equa- 
tion: 



Lemma 2.5. < ||u|I^fe,3 3 j for any k>0. 

Proof See and p. 



□ 



Lemma 2.6. \\dx{viV2)\\w'' < Ik2||^,,i + ||w2||^,,i for any s > -1/2, if 



ys,^ II ^llys,^ 



vi = vi{x,t) and V2 = V2{x,t) are x-periodic functions having zero x-mean for all t. 

Proof See 12], and p. □ 
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Next, we revisit the bilinear estimates of mixed Schrodinger-Airy type of Arbieto, Corcho 
and Matheus [I] for the couphng terms uv and of the NLS-KdV system. 

Lemma 2.7. \\uv\\ yk < ||n|| t 3 llf 11 . 1 + \\u\\ ,, 1 \\v\\ . 1 whenever s > and k — s < 3/2. 

II IIZ ~ II Ilj5(^fc,j;ll llya,^ x^'^l" "¥"''3 — — ' 

Lemma 2.8. ||5^(iiili2)||iy» < ||ni||jYfc,3/8||'U2||xfc,i/2 + ||wi||j^fc,i/2||ti2|lxfe.3/8 wheneverl + s< 
4k and k - s > -1/2. 

Remark 2.1. Although the lemmas \2. 7| and \2.8l are not stated as above in it is not hard 
to obtain them from the calculations of Arbieto, Corcho and Matheus. 

Finally, we introduce the I-operator: let m{(^) be a smooth non-negative symbol on M 
which equals 1 for |^| < 1 and equals |^|^^ for [^| > 2. For any N > 1 and a G M, denote by 
the spatial Fourier multiplier 

For latter use, we recall the following general interpolation lemma: 

Lemma 2.9 (Lemma 12.1 of jlj). Let oq > and n > 1. Suppose Z, Xi, X2, ■ ■ ■ , Xn are 

translation-invariant Banach spaces and T is a translation invariant n-linear operator such 
that 

n 

\\mui,...,un)\\z<Yi\\i?uj\\x,, 

for a// Ml, ... , Un and < a < oq. Then, 

n 

\\I%Tiui,...,Un)\\z<llmu,\\x, 

i=i 

for all ui, . . . ,Un, < a < ao o^n-d N > 1. Here the implicit constant is independent of N. 

After these preliminaries, we can proceed to the next section where a variant of the local 
well-posedness of Arbieto, Corcho and Matheus is obtained. 

In the sequel we take N ^ 1 a large integer and denote by / the operator / = ij^^ for a 
given s € M. 

3. A VARIANT LOCAL WELL-POSEDNESS RESULT 

This section is devoted to the proof of the following proposition: 

Proposition 3.1. For any (uq, vq) G H^{T) x H^{T) with jjVo = and s > 1/3, the periodic 
NLS-KdV system has a unique local-in-time solution on the time interval [0,5] for some 
6 < 1 and 



(3.1) 



^ _ I (ll^^ollxi + ||/^;o||yi)~^-, if (3^0, 
~ \(||Imo|Ui + ||/^^o||yi)-'-, ifP = 0. 
Moreover, we have \\Iu\\xi + ||/f||yi ^ ||-^iio||xi + ||-^^o||yi- 
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Proof. We apply the I-operator to the NLS-KdV system (ll.lj) so that 

ilut + luxx = al{uv) + 
Ivt + IVxxx + I{vvx) = 7/(|ttp)x, 
/u(0) = /uo, /w(0) = Ivq. 
To solve this equation, we seek for some fixed point of the integral maps 

^i{Iu, Iv) := U{t)IuQ -if U{t- t'){al{u{t')v{t')) + pi{\u{t')\^u{t'))}dt' , 



Jo 

'^2{Iu, Iv) := V{t)Ivo -I V{t- t'){I{v{t')vx{t')) - ^I{\u{t')\%}dt' . 

Jo 

The interpolation lemma 12.91 applied to the linear and multilinear estimates in the lem- 
mas 1231 EH El Em and EH yields, in view of the lemma 1221 

\\^2{Iu, Iv)\\yi < \\Ivo\\m +S^'\\Iv\\l.i +75i"||/u||^i. 

In particular, these integrals maps are contractions provided that /3<58~(||/uo||i:/i + ||/uo||_H'i)^ ^ 
1 and (58~(||/Mo||jyi + ||/uo||_h-i) «C 1. This completes the proof of the proposition 13.11 □ 

4. Modified energies 
Consider the following three quantities: 

(4.1) M(u) := 11^x11^2, 

(4.2) L{u,v) := a\\v\\\2 + 2j J Q{uTh!)dx, 

(4.3) E{u,v) := J v\u\'^dx + 'y\\ux\\'j^2 + —\\vx\\\2 — — J v'^dx + ^J \u\^dx. 
In the sequel, we suppose > 0. Note that 

(4.4) \L{u,v)\<\\v\\12+M\\ux\\l^ 
and 

(4.5) \\v\\l2 <\L\ + M\\ux\\l2. 
Also, the Gagliardo-Nirenberg and Young inequalities implies 

(4.6) \\ux\\l2 + \\vx\\l2 < \E\ + [L|t + + 1 
and 

(4.7) 1^1 < \\ux\\l2 + \\vx\\l2 + \L\I+M^ + 1 
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(4.8) 1^1 < \\u^\\i2 + \K\\i2 + Ml, + M''' + 1. 
Moreover, from the bounds (|4.5|) and (|4.6jl . 

(4.9) \\v\\l2<\L\+M\E\'^/^ + M^ + l 
and hence 

(4.10) + llvf^i < \E\ + \Lf/^ + M^ + 1 

^L{Iu,Iv)=2a J Iv{lvlvx - I{vv^))dx + 2a-i j Iv{I{\u\^) - \Iu\^)^dx 
^^-^ + 4a73? j Iux{lulv - I{uv))dx + 4/373? j {{luflu - I{u^u))Iuxdx 



4 



(4.12) 

—E{Iu,Iv) = a {I{vvx) - Ivlvx)lvxxdx + ^ / {Ivf{I{vVx) - Ivlvx)dx+ 



+ 2/379 J {I{\u\^u)x - {{Iuflu)x)Iuxdx 

+ 07 y \Iu\^{IvIvx — I{vvx))dx + j {\Iu\^ — I{\u\^))lvlvxdx 
+ a-fj lyxxillul"^ - Ii\u\'^))xdx - 2a'jQ j Iux{I{uv) - Iulv)xdx 
+ 07^ j (/([up) - \Iu\'^)x\Iu\'^dx + 20^79 j IvIu{I{uv - Iulv))dx 
+ 2/327Q j Iu{Iuf{I{\u\^u)-{Iuflu)dx 

- 2a/379 j IvIu{I{\u\'^u) - Iu{Iu)fdx - 2a(5-i^ j {Iuflu{I{uv) - Iulv)dx 
12 

4.1. Estimates for the modified L- functional. 
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Proposition 4.1. Let {u,v) be a solution of il.l]) on the time interval [0,6]. Then, for any 
N >1 and s> 1/2, 

\LiIu{6),Iv{S)) - L{Iu{0),Iv{0))\ < 

^^""^^^ N-^+5^i^ {\\Iu\\ xi,i/2 + ||/t;|!yi,i/2)^ + iV~2+<55-||/u||^i,i/2. 

Proof. Integrating H4.11() with respect to t G [0, 5] , it follows that we have to bound the 
(integral over [0, 6] of the) four terms on the right hand side. To simplify the computations, 
we assume that the Fourier transform of the functions are non-negative and we ignore the 
appearance of complex conjugates (since they are irrelevant in our subsequent arguments). 
Also, we make a dyadic decomposition of the frequencies |nj| ~ Nj in many places. In 
particular, it will be important to get extra factors Nj~ everywhere in order to sum the 
dyadic blocks. 

We begin with the estimate of Jq Li. It is sufficient to show that 



m(ni +n2) -m(ni)m(n2) ^, . 
/ >^ — — ^ Vi{ni,t)\n2\v2{n2,t)v3{n3,t) 



"1+712+713=0 

(4.14) 



< 



3 

1,1/2 



iV-ije-nib.lIyi 
i=i 

• [nil ^ \n2\ ~ 1^3!, \n2\ ^ N. In this case, note that 

n rn{nr+n,)-nrin,)Mn,) ^ < | Vm(n2)-ni | < ^ ^ , , ^ ^ ^ 

I I m(7ii)?Ti(7i2) I ~ ' m(n2) i ~ A'2 ' ' -'- ' — ' 

S p(nl+7^2)-n^(7llMn2) | < rN^-.l/2 ^ , , > 

I m(ni)?Ti(7i2) I ~ \ W / ' I 1 — 

Hence, using the lemmas l2 . 1 1 and l2 . 21 we obtain 

I All < ^\\vi\\L4iv2U\L4v3\\L^ < N~'+6l-Nl^-,,ll\\v,\\y,,,,, 
Jo ^2 

if |ni| < N, and 

JO \ / 13 . ^ . 



[^^21 ^ I'T-il ~ l^^sl) I'^il ^ This case is similar to the previous one. 
|ni| ~ |?^2| ^ The multiplier is bounded by 

I m{ni + n2) — m{ni)m{n2) i ^ / A''i \ 
' m{ni)m{n2) ' \ N J 

In particular, using the lemmas l2 . II and |2 . 21 

l^'^il < (^) ll«illLHI(«2)x||L4||t;3||L* < A^-'+<5t-A^°;.nil^^.||yM/2. 
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Now, we estimate Jq L2. Our task is to prove that 
''^ mini + 71-2) — m{ni)m{n2) 



(4.15) 



E 

«l+«2+«3=0 



m{ni)m{n2) 

Ar-i+5M-||ni 11^1,1/2 ||u2||j(:i.i/2||'U3||yi,i/2 
[712! ^ |ni| ~ |n3| > N. We estimate the multipher by 



|ni + n2\ui{ni,t)wi{n2,t)v3{n3,t) 



m(ni + 71,2) — m{ni)m{n2) 



<((f)^). 



m (711)711,(722) 

Thus, using L'^^L^^L'^^ Holder inequaUty and the lemmas l2.ll and 12.21 







2 \\ 



< iV-i+524-Ar' 



{N2)N, 
- atO- 



■0 24 



Xl.1/2 



yl,l/2 



■maxll"'illxi.i/2||«2|lxi.i/2||'^3||yi.i/2- 

^ |7i2| ~ \n3\. This case is similar to the previous one. 
\ni\ ~ I712I ^ Estimating the multiplier by 

1- 



m(?ii + 772) — 771(711)777,(77,2) 



772(711)777,(712) 



< 



N2 
N 



we conclude 

f<5 



L2 < 







N J N1N2 

19 



524 ||ui||jfl,l/2||U2||jfl,l/2 



yl,l/2 



<iV-2+524-ArO;J|ni 11^1.1/2 |ln2|lxM/2 



yi,i/2. 



Next, let us compute /q L3. We claim that 

^'^ m{ni + 71,2) — 771(721)771(722) 



(4.16) 



ni+n2+n3=0 
.19 



nT(r7i, t)ir2(n2, t)|7i3|'U3(n3, t) 



772(711)772(712) 
< Af"^+5i"||ui 11^1,1/2 11^2 ||yi,i/2||i23|lxi. 1/2 

\n2\ ^ |ni| ~ I723I, |r2i| > N. The multiplier is bounded by 

I m(ni+n2)-m(ni)m(n2) | ^ | Vm(ni)-n2 | ^ if |r22| < and 



m(ni)m,(n,2) 



m,{ni) 



Ni ' 



Tn(ni+n2)-m(ni)m(n2) I < (N2\^/'^ -r ^ at 

m(ni)m(n2) \ \ N ) , " I ''-2 1 ^ . 



^(nl)m,(n2) 

So, it is not hard to see that 
rS 



f 

Jo 



~ ' ^ ' " ^ 'max 



Xl.l/2 



yl,l/2 



Xl.1/2 



|7ii| ^ |r22| ~ I723I, I722I > A^. This case is completely similar to the previous one. 
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• |ni| ~ \n2\ > N. Since the multiplier is bounded by N2/N, we get 



max 







Xi.i/2||t^2||yi,i/2|r"3|lxi'i/2 



Finally, it remains to estimate the contribution of L4. It suffices to see that 



(4.17) 



1-5 

/ ^ 



m{ni + n2 + 71-3) — m{ni)m{n2)m{n^) 



,1/2 



ni+n2+n3+n4=0 
4 

• Ni, N2, N3 > A^. Since the multiplier verifies 

m(ni + n2 + 71.3) — m(ni)m(n2)m(n3) 



|n4| JJu;-(nj,t) < 



m(ni)m(n2)m(n3) 



< 



1 iV2 iVs V 



the application of L'^^L^^L^^L'^^ Holder inequality and the lemmas \2A\ 12.21 yields 



Nir^N2>N and iVa, < iVi, A^2- Here the multiplier is bounded by (^^) ^ ((^) 
Hence, 



^4 < 1:71:7 ( 1^ 



1/2. 



iVi ~ A'4 > N and N2,N3 <C A'^i, A'4. In this case we have the following estimates for 
the multiplier 



' I Vm(ni)(n2+na) | < N2+N3 •£ J\[^ <: ]y 



m(ni + n2 + na) — m(ni)m(n2)m(na) 



m(ni)m(n2)m(n3) 



< 



m,(ni) 



Ni 



ifiV3>iV. 

Therefore, it is not hard to see that, in any of the situations N2, < N, N2 > N or 
> N, we have 

4 

,1/2- 

3 = ^ 

Ni '-^ N2 ^ N4> N and A^a ^ ^i, N2, N4. Here we have the following bound 



/ U<N-''+S-2-Nil,ll\\u,\\j,^, 
Jo ,=1 
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At this point, clearly the bounds (|4.14j) . (|4.15j) . (|4.1()j) and (|4.17|) concludes the proof of 
the proposition 14.11 □ 

4.2. Estimates for the modified E-functional. 

Proposition 4.2. Let {u,v) he a solution of on the time interval [0,5] such that jjV = 
0. Then, for any N >l, s> 1/2, 

\E{Iu{5)Jv{6)) - E{Iu{^),Iv{m < 



(4.18) 



\Iu\\xi + \\Iv\\Yif + 



N-^+6^'i\\Iu\\xi + \\Iv\\yi)^ + N-^+d^-Wlufx^iWluWli + \\Iv\\yi). 



Proof. Again we integrate ()4.12|) with respect to t G [0,(5], decompose the frequencies into 
dyadic blocks, etc., so that our objective is to bound the (integral over [0,(5] of the) Ej for 
each j = 1, . . . , 12. 

For the expression Ei , apply the lemma 12.31 We obtain 

I / -Ell < \\IVr,x\\Y-^\\IvIVx - I{vVx)\\w^ ^ \\Iv\\yi\\IvIVx - I{vVj:)\\wi 

Jo 

Writing the definition of the norm W^, it suffices to prove the bound 



(4.19) 



(^3 - ni) 



r/E 

E 



m(ni + 712) — m{ni)m{n2) 
m(ni)m{n2) 

m(ni + 712) — m{ni)m{n2) 



Vl{ni,Ti) 722 V2{n2,T2] 



+ 



L2 



m[ni)m[n2) 



vi{ni,Ti) n2 V2{n2,T2) 



< 



N ^^6(i ||wi||yl,l/2||f2||yl,l/2. 

3 

E 



Recall that the dispersion relation ^ Tj — = — 3nin2n3 implies that, since nin2n^ 7^ 0, if 



we put Lj := |r,- - nj\ and L^ax = max{Lj;j = 1,2,3}, then L^ax > (ni) {n2) (n-s) . 
• \n2\ ^ Inal > N, \ni\ <^ \n2\. The multiplier is bounded by 



m(ni + 71-2) — 777.(771)777,(712) 



777(711)771,(772) 



Thus, if |r3 — 77o| = L^aax, we have 



< 



f , if |ni| <7V, 

if |ni| >iV. 



' iVi 

; < 



r E 



777,(711 + ^2) — 777(771)777(772) 



7ri(77l,ri) 712 V2{n2,T2) 



L2 



^2 {NiN2N3)i 



Afl \ 2 ATg 1 



^2 J (^^jV2iV3)i 



711(711)711(712; 

rll^l|litll(^2)x|lL4^ < A^""^+'5^"iVmaxll^l||yi>i/2|b2||yi,i/2, if |ni| < N, 

^'i|Il4JI(^'2)x.||l4^ <A^-i+<5i-A^Lxlbi||yi.i 11^211^1.1, if |nil >iV. 
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and 



{ns) 



m(ni + — m(ni)m(n2) 



in - ni) 
r Ni N3 



vi{ni,Ti) n2 V2{n2,T2] 



< 



^2 (NiN^Na)^- 



r4 



m(ni)m(n2) 

||(^;2).|L4 < iV-i+<5|-iVLxlbi||yM/2||i;2||yM/2, if |ni| < AT, 



^1 (AfiAfaA^a)^" 



If either |ri — nfl = -Z^max or |t2 — n^l = -Z^max, we have 



(r3-n3)2 



m{ni + ^2) — m{ni)m{n2) 



Vi{ni,Ti) 77,2 ^2(n2,r2) 



t2 



< 



iVs 1 



m(ni)m(n2) 

^1,^11^211^1,1 <iV-^+^^iVLxlkillyM/2|b2||yM/2, if |ni|<iV, 



{NiN2N3)^ 



^1,1 11^211^1,1 <Ar-i+<5l-<- 



^1,1 11^^211^1,1, if |rii| > A^. 



and 



(7-3 - ni) 



m{ni + 712) ~ m(ni)m(n2) 
m{n\)m{n2) 



v\{ni,Ti) n2 V2{n2,T2) 



< < 



(iViiVaiVa)^- 



\N2) Ni^^^j^^j^^p 

\ni\ ~ |n2| > A^. Estimating the multipher by 

m(ni + ^2) — m(ni)m(n2) | ^ ^ A?"! ^ 



^,1, if |ni|>Ar. 



m{ni)m{n2) 
we have that, if |r3 — nH = -Lmax, 



Af 



(^3 - ni) 

(ns) 



m(ni + 77-2) — m{ni)m{n2) 



m{ni)m{n2) 



vi{ni,Ti) n2 V2{n2,T2] 



+ 



(^3 - ni) 



m(77,i + 772) — m(ni)m(n2) 
m(ni)m(n2) 



^^i(ni,ri) 712 ^2(n2,r2; 



r2 



^^3 ^^3 



^ ; ^3 '5^" ^ (N^- ATg 53 



{NiN2Ni)^ \N ) (A^iATaATg)!- ATi 

wiIl.i 1 



yi.ill^2||yi,i 



< Ar-2+(53-Ar°- I,.,,, 1 . 11.^11 1 _ 
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and, if either |ri — nf\ = L^i^x or \t2 — = L 
("•3) / m{ni + 71-2) — m{ni)m{n2) 



in - nl) 
ins) 



m{ni)m(n2) 



'Vi(.ni,Ti) n2 V2(n2,T2) 



+ 



r2 



(^3 - nl) 



Em(ni + n2) - m(ni)m(n2) _ , , ^, . 
^ vi{ni,Ti) n2 V2{n2,T2) 



m(ni)m(n2) 



< 



iVi 



iV3 



+ 



{NiN2N3)^ ^1 \NJ (A^iiVaA^s)^- ^1 



AT, 



5k- 



<N-|+^'e-K-;^\\v^\\^,^.\\v2\\^,^.. 
For the expression E2 , it suffices to prove that 



(4.20) 



'is 



m(n3 + — m{n3)m{n4) 
m{ns)m{n4) 



'yi(ni,t)'?^(n2,t)^3(?^3,*) ^i(n4,t)| < 



N-'^+Si" Yl ||^'j||yi,i/2. 
3=i 



Since at least two of the iVj are > N, we can assume that Ni > N2 > N3 and Ni > N. 
Hence, 

Jo 

(1)'" Tvrfevs n < iV-2+<5§-<i;, n if InsI ~ \n,\ > N, 

f ivrfe^ n < iV-2+5§-iV0^ n if |n3| « M \m\ < N\n,\ > N, 

(f ivOT n ll^.-llyi,^ ^ Ar-2+5l-iV0^ n ll^ill^i.^, if Kl « Kl, Inal > AT, \n,\ > N. 



Next, we estimate the contribution of Jq E^. We claim that 



(4.21) 



E 



m(nin2n3) — m(ni)m(n2)m(n3) 
m(ni)m(n2)m(n3) 



ul{ni,t)ui{n2,t)v^{n3,t) |n4| ?M(n4,i)< 



|ni| ~ |n2| ~ Irial ~ |ra4| > N. Since the multiplier satisfies 



m(nin2n3) — m(ni)m(n2)m(n3) ^ f N 



m(ni)m(n2)m{n3) 



N 
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we obtain 



/ 

Jo 



j=i j=i 



• Exactly two frequencies are > N. We consider the most difficult case |n4| > A'', 
I nil ~ |n4| and |n2|, |n3| -C |ni|, |n4|. The multiplier is estimated by 



((f)') (f)^ ^f\n2\>N, 



m{nin2n3) — m(rai)m(n2)m(n3) 



ifH,|n3|<iV. 



Thus, 

f5 



'0 

Exactly three frequencies are > A^. The most difficult case is \ni\ ~ \n2\ ~ |ra4| > iV 
and |n3| <C |ni|, |n2|, |n4|. Here the multiplier is bounded by 

m{nin2m) - ni{ni)m{n2)m{n2,) ^ f Ni N2\'^ . f N^\''\ 
m{ni)m{n2)m{nz) ^ \n1T ) 

Hence, 



The contribution of Jq £'4 is controlled if we are able to show that 

m{ni + n2) - m{ni)m(n2) _ ^ 

^ m(ni)m(n2) l^2K2(n2, t)tX3(n3, tK(n4, t) < 

(4.22) ° ^ 2 

iV^-^+^Tz" JJ ||Uj||j5fl,l/2||Vj||yl,l/2. 

i=i 

We crudely bound the multiplier by 



I m{ni + 77-2) — m{ni)m{n2) \ ^ ( 



' max 



1- 



m(ni)m(n2) ^ \ N 

The most difficult case is \n2\ > N. We have two possibilities: 

• Exactly two frequencies are > A'". We can assume N3 N2. In particular, 

f' E,<(^X~ -^^—f]\\uj\\ ,i\\vA\ ,1 <N-'+S^2-N^^f]\\uA\ ,i„.,„ 

j=l j=l 
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At least three frequencies are > A*". In this case, 



Jo .7=1 



The expression Jq is controlled if we are able to prove 
m(ni + 712) — m{ni)m{n2) 

Jo ^ 

(4.23) 



m{ni)m{n2) 



< 



N -"-+512 11x1,1/2 ll^^illyi, 1/2- 

i=i 

This follows directly from the previous analysis for (|4.22j) . 
For the term Eq , we apply the lemma 12.31 to obtain 

1-5 

/ < \\{Iv),jY-4i\Iu\^ - ^(I^I'))xIIh'i < ||/Hlyi 11(1^^1' - ^(1^1')) 
Jo 

So, the definition of the norm means that we have to prove 



xllvV'i- 



— P3| 



(4.24) 



\-^3 -"3)2 
(ns) 



m(ni + 712) — 771(721)772(712). 
771(711)771(712) 



-^7,l^nl,rll^t2(,?^2,T2, 



+ 



r 2 

"3 '^3 



Em(ni+n2) - rnini)m{n2)^, , 
^ — -— — r ^ii(ni,ri)?X2(n2,r2) 
m(rii j7ii(ri2) 



< 



jA^ 2+(5s +Ar 3(58 j- ||ni II j^i, 1/2 ||n2 11x1,1/2- 
Note that '^tj = and ^ Tij = 0. In particular, we obtain the dispersion relation 

■'"3 - + ''"2 + "-2 + ''"1 + "-1 = -"-S + "-1 + "-2- 

• l^-il ^ ^) ["-21 ^ I'T'il- Denoting by Li := |ri+nf|,L2 := |T2 + n2| and L3 := jrs — nfl, 



the dispersion relation says that in the present situation Lj, 
Since the multiplier is bounded by 



max{Lj} > A|. 



?7i(rii + 712) — m{ni)m{n2) 



771(711)777(712) 



r Vm(ni)n2 < ^ |n2|<A, 
^ I m(ni) ~ Wi ' 1^1 — ' 

^ if 1^2! > A, 
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we deduce that 



(^3 - ni) 
{ns) 



rl»3l/E 



m{ni + 722) — m{ni)m{n2) 
m{ni)m{n2) 

m(ni + 712) — m(ni)m(n2) 
m(rai)m(n2) 



^ii(ni,'ri)u2(n2,r2' 



tfT(ni,ri)ii^(n2,r2) 



+ 



t2 



< 



An^ll'"l|l^l'l/2|l"2||xl.l/2 < ^"2"^(^8-Ar^-^||iii||_^i,i/2||u2||^l,l/2. 

I nil ~ 1 722 1 ^ ^7 l^^s!'^ l^2p- In the present case the multipher is bounded by 
{j^) and the dispersion relation says that Lmax ^ -^3 • Thus, 



^insl / E 
■.-ni)2 J 



m{ni + 712) — 77i(ni)7n(ri2) 
(r3-n|)f "J ^ m{ni)m{n2) 

(ns) f yr^ m{ni + n2) — m(ni)m{n2) 



dnsl/E 



(^3 - nl) 



ui{ni,Ti)ui{n2,T2) 
va{ni,Ti)ui{n2,T2) 



+ 



L2 



< 



N J N1N2 ' 



m{ni)m{n2) 

ui||_^i,i/2||n2||^i,i/2 < N-^+S^-N^\\ui\\xi,i/2\\u2\\xi,i/2. 



\ni\ ~ |n2| > iV and \ns\^ < |n2p. Here the dispersion relation does not give useful 
information about L^iax- Since the multiplier is estimated by [j^)^ , we obtain the 



crude bound 



— ni) 2 J 

rKl/E 



in - ni) 



m(ni + 712) — m{ni)m{n2) 
771(711)772(722) 

772(721 + n2) — 771(711)771(712) 



(rg -7lf)2 



tfi(ni,ri)?I5(n2,r2) 



iii(ni,Ti)^^2(n2,r2; 



+ 



^^3^^3 



2 / ^^2 



.1 3 

N2\'^ 5s' 



772(771)772(712) 

Xl.1/2 1^211x1.1/2 < -^"^"^^^~-^m'icll'"l|lxl.l/2|K2||xl.l/2- 



iv y N1N2 

Next, the desired bound related to E'j follows from 
''^ I 7n(ni + 712) — 772(711)772(772) 



(4.25) 



777(721)777(772) 



|77l + 772|7iT(ni, t)75^(7l2, t) |7l3 |7i5^(723, t) 



< 



N ^+^24 ||ui||j5fl,l/2||'y2||yl,l/2 11^3 II jif 1,1/2 
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• |ni| -C \n2\ > N. The multiplier is < (|n2|/-/V)^/^ so that 

rS j-5 

j ~ jvV2 y X] "'""2|^^(ni,t)|n2|^/^'y2(n2,t)|n3|iIJ(n3,t) < 

1 eii- II II II II II II 

iV 024 ||Ul||j|j.l,l/2||f2||yl,l/2||M3|lxl.l/2- 

• |ni| ~ \n2\ > N. The multiplier is < \n2\IN. Hence, 

^ -lc-19- 

/ Et < N 024. 11^1,1/2 11^2 llyl, 1/2 Ipallxl. 1/2- 

Jo 

• l^-il ^ ^) \i^2\ < N. The multiplier is again < N2/N, so that it can be estimated as 
above. 

Now we turn to the term E^. The objective is to show that 

Jo m(ni)m(n2) 1' 111 .^v J /~ 11 u 711^ 

• At least three frequencies are > N. We can assume |ni| > \n2\- The multiplier is 
bounded by Nj^^x/N so that 

• Exactly two frequencies are > A^. Without loss of generality, we suppose \ni \ ~ |n2| > 
AT and |n3|, \n4\ <C N. Since the multiplier satisfies 



m(ni + 712) — m{ni)m{n2) 



< 



-^max 

A 



1- 



m(ni)m(n2) 
we get the bound 

The contribution of Jq Eg is estimated if we prove that 

m{ni + n2) - m{ni)m{n2) 

/ — -— — r ui{ni,t)V2{n2,t)U3{n3,t)v4{n4,,t) < 

(4.27) Jo m{ni)m{n2) 

IWl lljfl.1/2 11^2 lly 1,1/2 ll^sll jj^l,l/2 ||f4||yl,l/2 • 
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This follows since at least two frequencies are > and the multiplier is always bounded by 

(iVmax/iV)^", so that 

IP ^ /-^max\ II II II II II II II II ^ 
~ \ ^f~ ) ll^llli''ll^2||L4||n3||i4||W4||L4 < 



N ) NiNiNsNi 



|mi 11x1,1/2 ||f2||yi,i/2 ||u3||j(^i,i/2 11^4 llyi, 1/2 < 



2+ 

11^1 llxi'i/2 ll''^2 lly 1,1/2 111*311x1,1/2 11^^411 yi, 1/2 ■ 

Now, we treat the term Eiq. It is sufficient to prove 



El m(n4 + ns + rie) - m(n4)m(n5)m(n6) I T-r ^ . 
7 ^ 7 ^ 7 ^ Uj{nj,t 
I ■m(n4)m(n5jm[nQ) I 



< 



(4.28) g 

However, this follows easily from the facts that the multiplier is bounded by (N^g^^/N)'^^'^ , at 
least two frequencies are > A^, say \ni^ \ > Irii^l ^ N, the Strichartz bound X*^'^/^ C and 
the inclusion^ X2+ c L^. Indeed, if we combine these informations, it is not hard to get 



For the expression Jq En, we use again that the multiplier is bounded by {N^g.^/N)'^/'^ , 
at least two frequencies are > (say | > In^jl ^ A^), the Strichartz bounds in lemma [2?T] 



and the inclusions X2 + ,y2+ c to obtain 



4 

E|m(ni + 77-2 + n3) - m(ni)m(n2)m(n3) I y-r _ 



.3 14 

AfTT,ax\2 1 52 



«5 i=i 
4 



A^ 2+^^ n ll^J'll^'ll^sllyi- 

The analysis of Jq E12 is similar to the En. This completes the proof of the proposi- 
tion O □ 



This inclusion is an easy consequence of Sobolev embedding. 
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5. Global well-posedness below the energy space 

In this section we combine the variant local well-posedness result in proposition 13. II with 
the two almost conservation results in the propositions 14 . 1 1 and 14 . 21 to prove the theorem ll.il 

Remark 5.1. Note that the spatial mean fjv{t, x)dx is preserved during the evolution lll.l]) . 
Thus, we can assume that the initial data vq has zero-mean, since otherwise we make the 
change w = v — JjVodx at the expense of two harmless linear terms (namely, u JjVodx and 
dxV fj-vo). 

The definition of the I-operator implies that the initial data satisfies ||Iiio||^i + ||/fo||^i ^ 
iV2(i-s) and ||/uo||^2 + ||-fi'o|li2 < 1- By the estimates and (jl^ . we get that \L{Iuo,Ivo)\ < 
N'^-' and \E{Iuo,Ivo)\ < iV2(i-«). 

Also, any bound for L{Iu, Iv) and E{Iu, Iv) of the form \L{Iu^ Iv) \ < N^^^ and \E(Iu, Iv) \ < 
jV2(i-s) implies that WluWl^ < M, ||/u|||2 < N^'' and |j/u||2^i + < N^(^-'\ 

Given a time T, if we can uniformly bound the ff^-norms of the solution at times t = S, 
t = 25, etc., the local existence result in proposition l3.1l savs that the solution can be extended 
up to any time interval where such a uniform bound holds. On the other hand, given a time 
r, if we can interact T6~^ times the local existence result, the solution exists in the time 
interval [0, T]. So, in view of the propositions 14. ll and 14.21 it suffices to show 

(5.1) (iV-i+5i-Af3(i-«) + Ar-2+^|-jv4(i-s))^^-i < ^i-. 

and 
(5.2) 

{(iV-i+5^- + N-I+5I- + iV-|+5i-)Ar3(i-s) + Ar-i+^i-Ar4{i--) + ^-2+^|-^6{i-s)| T ^ 

At this point, we recall that the proposition 13.11 savs that 5 ~ N~^^^^^'^'' if /3 7^ and 
5 ~ ]Sf-8{i-s)- if ^ = 0. Hence, 

• /3 7^ 0. The condition ()5.1() holds for 
5 16 

-1 + ^ Y(1 - s) + 3(1 - s) < (1 - s), i.e. , s > 19/28 

and 

1 16 

-2 + -y (1 - s) + 4(1 - s) < (1 - s), i.e. , s > 11/17; 
Similarly, the condition (|5.2|) is satisfied if 

s) + 3(1 -s) < 2(1 - s), i.e. , s > 40/49; 
s) + 3(1 - s) < 2(1 - s), i.e. , s > 11/13; 
s) + 3(1 -s) < 2(1 - s), i.e. , s > 25/34; 



-1 + 515(1, 

6 3^ 
3 6 3 ^ 

-5 + 115(1 

2 8 3 ^ 
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1 16 

+ - — (l-s) + 4(l-s) <2(l-s), i.e. ,s> 11/14 

and 

1 16 

-2 + - — (1 - s) + 6(1 - s) < 2(1 - s), i.e. , s > 7/10. 

Thus, we conclude that the non-resonant NLS-KdV system is globally well-posed 
for any s > 11/13. 
• P = 0. The condition (|5.1() is fulfilled when 

-1 + ^8(1 -s)+ 3(1 - s) < (1 - s), i.e. , s > 8/11 

and 

-2 + ^8(1 - s) + 4(1 - s) < (1 - s), i.e. , s > 5/7; 
Similarly, the condition (|5.2|) is verified for 

-1 + -8(1 - s) + 3(1 -s) < 2(1 - s), i.e. , s > 20/23; 
6 

+ ^8(1 - s) + 3(1 - s) < 2(1 - s), i.e. , s > 8/9; 
3 6 

-- + -8(1 - s) + 3(1 - s) < 2(1 - s), i.e. , s > 13/16; 
2 8 

-1 + ^8(1 - s) + 4(1 -s) < 2(1 - s), i.e. , s > 5/6 



and 



-2 + ^8(1 - s) + 6(1 - s) < 2(1 - s), i.e. , s > 3/4. 



Hence, we obtain that the resonant NLS-KdV system is globally well-posed for any 
s > 8/9. 
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